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Abstract: We show that the conifold and deformed-conifold warped compactifications 
of the ten-dimensional type IIB supergravity, including the Klebanov-Strassler solution, 
are dynamically unstable in the moduli sector representing the scale of a Calabi-Yau 
space, although it can be practically stable for a quite long time in a region with a 
large warp factor. This instability is associated with complete supersymmetry breaking 
except for a special case and produces significant time-dependence in the structure of 
the four- dimensional base spacetime as well as of the internal space. 
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1. Introduction 

With the practical confirmation of the infiationary universe scenario of the early uni- 
verse and the discovery of the accelerating expansion of the present universe ^, ^, ^, 
Q , it is now the most challenging problem to construct a consistent cosmological model 
that explains these observational facts, on the basis of supergravity and string theory, 
which are the only viable unified fundamental theories at present. The main obstacle 
to this problem is the fact that these theories require the spacetime to be higher di- 
mensional; in order to obtain a four-dimensional universe at low energies, we have to 
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find a natural way to conceal extra dimensions, which is usually called a compactifica- 
tion. This compactification gives rise to various new problems. One of the most serious 
problems is the moduli stabilisation p. Another is the no-go theorem against accel- 
erating expansion of the universe in simple Kaluza-Klein-type or stationary warped 
compactification with a smooth compact internal space [0. 

Recently, a new progress in resolving these problems has been made by Kachru et 
al [P, Utilising a conifold-type flux compactification of the IIB supergravity that 
realises the stabilisation of all complex moduli [§, |l^ , they proposed a model in which 
all moduli are potentially stabilised and an accelerating expansion of the universe is 
realised for a sufficiently long time. There is, however, one subtle weak point in their 
model. It is the stability of the moduli degree of freedom corresponding to the scale 
of the Calabi-Yau internal space They argued that this degree of freedom would 
be stabilised by quantum nonperturbative effects [12, 13, 14 1. However, their argument 
is based on a four-dimensional effective theory that does not take into account the 
warping and assumes the supersymmetric background. 

The main purpose of the present paper is to analyse the stability of this moduli de- 
gree of freedom in the classical framework of the full ten-dimensional IIB supergravity, 
taking account of the warped structure. We show that many of well-known super- 



symmetric compactifications of the type IIB supergravity by a conifold [|l^, [16], |T^, a 
resolved conifold [|18| or a deformed conifold [0, |19|, [2^] with 5-form flux and 3-form 
flux are limits of dynamical solutions with four extra parameters. This instability oc- 
curs in the warp factor in the form h = hi{y) + a^a;^ + b, where x'^ and are the 
coordinates of the four- dimensional base spacetime and the Calabi-Yau internal space, 
respectively, and for = 6 = 0, the solution reduces to the original supersymmetric 
one. 

In the special case in which there is no 3-form flux, the corresponding solution 
is identical to the one recently found by Gibbons, Lii and Pope ||2l|] as a higher- 
dimensional analogue of the four-dimensional Kastor-Traschen solution |2^. In the 
case of a deformed conifold with 5-form and 3-form fluxes, the corresponding solution 
provides a time-dependent extension of the Klebanov-Strassler solution We show 
that supersymmetry is fully broken, except in the case the solution has a null Killing, 
for the Gibbons-Lii-Pope solution. 

The present paper is organised as follows. First, in Section 0, after making clear 
ansatz to be imposed on various fields and the spacetime metric of the IIB supergravity 
to find solutions, we show that all field equations including the Einstein equations can 
be reduced under the ansatz to a simple set of equations on the Calabi-Yau manifold 
for the 2-form potential B2 and the warp factor h. We also show that h is restricted 
to the form given above in general. Then, in Section ^ we apply this formulation to 
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various compactification models and derive explicit expressions for the solutions. In 
Section ^ we study the supersymmetry breaking for the Gibbons-Lii-Pope solution and 
discuss its implication. Finally, Section ^ is devoted to summary and discussion. 



2. Formulation 

2.1 Ansatz 

In the present paper, we look for solutions whose spacetime metric has the form 

ds^ = A\x, y) ds\X^) + B\x, y) ds^Y^) , (2.1) 

where ds'^lX^) denotes the four- dimensional metric depending only on the coordinates 
x'^ of X4, and ds'^lY^) denotes the six- dimensional metric depending only on the coor- 
dinates y^ of Yg. Hence, the dynamics is essentially limited to the scale factors A and 
B. Concerning the other fields, we adopt the following assumptions 

T = Co + te~'^ = tgj\ (2.2a) 

G3 = tg;' Hs-Fs = ^ Gp,r dy^ A dy'^ A dy' , (2.2b) 

*yG; = etGs (e = ±l), (2.2c) 
* (^2 A F3) = , (2.2d) 
F5 = A^B-\l ± *)Vp dyP A QiX^) = A^B-^V A QiX^) T*yV, (2.2e) 

where Qs is a constant representing the string coupling constant, and * and *y are the 
Hodge duals with respect to the ten- dimensional metric ds^ and the six-dimensional 
metric ds'^iY^), respectively. 

2.2 Reduction of the gauge field equations 

Under the assumptions given above, we first reduce the field equations other than the 
Einstein equations to a simple set of equations. 
The gauge field equations are given by |]23|, |2^ 



Ur + i^-^ = --G3-G3, (2.3a) 

T"2 2 

rfCs = , (2.3b) 

V-G'3 = *rf*G3 = -^G3-F5, (2.3c) 

F5 = dC4 + ^2 A F3 , (2.3d) 

*F5 = ±F5 . (2.3e) 
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In the present paper, we define the inner product of a p-form Up and a g-form Xq {p ^ q) 
as ^ 

Note that the first equation is automatically satisfied under our ansatz. 

Under the assumption ( p.2b|) , the equation (|2.3b|) implies that G3 is a closed form 
depending only on the coordinates of Yg. Then, from the self-duality requirement for 
G3, ( p.2c| ), it follows that can be expressed in terms of a 2-form 0:2 on Yg satisfying 
d *Y da2 = as 

G'i = ida2 + e*Y da2. (2.5) 

Therefore, B2 and are expressed as 

B2 = gsa2, -^3 = -e *Y da2 . (2.6) 

Next we consider the 5-form F5. First, note that for any g-form Ug on Yg, the 
Hodge dual operators * and *y are related by 

*Uq = ^^X4) A *YUJq, (2.7a) 

* [n{Xi) A ujg] = -^-^5^-29 _ (2.7b) 

Further, the operator >ky satisfies the relations 

*y(q;2 ■ da2)Y = 0.2 /\ *YdCi2 *Y *Y ^q = (~l)^ ^q ) (2-8) 

where (cu ■ x)y denote the inner product of forms u) and x Yg with respect to the 
metric (is^(Yg). From these relations, we get 

*{B2 A F3) = QstA^B"^ fi(X4) A A , (2.9) 

where [3i is the 1-form defined as [3i = (0:2 ■ da2)Y- Hence, the equation (p.2d| ) gives 
the condition 

dy{A^B-^(3i) = 0. (2.10) 
Under this condition, the assumption (|2.2e| ) on F5 can be rewritten as 

(1 ± *)A^B~'^V A ^](X4) = dC^ ± egsA'^B-\l ± *)f3i A n{X^), (2.11) 

where C4 is some 4-form. From this, it follows that V and C4 can be written in terms 
of (3i and some 1-form 71 as 

V = ^i±eg,(3,, (2.12a) 
dC4 = A^B-\l ± *)7i A niX^) = A^B-^ 71 A ^iX^) t *y7i • (2.12b) 
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From this and the self duahty of F5, 71 is required to satisfy 



(2.13) 



where Dp is the covariant derivative with respect to the metric ds'^{YQ). In particular, 
7i is a 1-form on Yg independent of x. 
Finally, utilising the relations 



Gs-F, = ±teB-%V-Gs)Y, 

the remaining field equation (|2.3c| ) can be replaced by the simple equation 

[VTeA-^B*dy{A'^)]-G3 = 0. 
Since G3 is self-dual on Yg, if G3 7^ 0, this equation is equivalent to 

V = ±eA-^B^dy{A^) . 
Since /?i and 71 are 1-forms on Yg, this equation and ( |2.12a| ) lead to 

d,{A-'B%A) = 0. 
Further, under ( |2.10| ), the equations ( p.l3| ) are equivalent to 

b ■ [A'^B^b{A^)] = gs{da2 ■ rfas)^. 



(2.14a) 
(2.14b) 



(2.15) 



(2.16) 



(2.17) 



(2.18) 



To summarise, if we find a 2-form 0:2 on Yg and functions A{x,y) and B{x,y) 
satisfying d *y da2 = 0, ( |2.1(J| ), ( |2.17| ) and ( ^.181 ), then B2 and F3 given by ( P^ and 
F5 given by 

F5 = ±e(l±*)rf(A^) A^](X4) (2.19) 

satisfy the field equations other than the Einstein equations. Note that this yields the 
most general solution under our ansatz in the case G3 7^ 0, while in the case G3 = it 
may be a special solution. 

2.3 The Einstein equations 

In order to complete the system of equations, we must also consider the Einstein equa- 
tions [0, ^ 



R 



MN 



4 



Re(Gj\/pQG 



N > 



■ Gl qmn 



I 1 P P Pi-Pa 

96 



(2.20) 
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Under our ansatz, these equations become 



where S{x, y) is 



Rfiu = -^S{x,y)g^y, (2.21a) 
R^.p = ^, (2.21b) 

R^^ = ls{x,y)g^^-Y^^ (2.21c) 



S{x, y) = gs {da^ ■ da2)Y + 5"!° {V ■ V)y ■ (2.22) 



First, if we introduce new set of variables h{x,y) and a{x,y) hj B = h^^^ and 
A = ah~^^^, the equation ( p.21b| ) can be written 

12 3 3 

Rf^p = -TTT^i^^ph + —rdpad^h d^dptt + -^d^adpa = 0. (2.23) 

2h ah a 

Further, ( |2.17D reads 

14 4 4 

--d^dph + —dpad^,h + -d^dpa - —d^adpa = 0. (2.24) 

From these two equations, we obtain d^dplna = 0. This imphes that a can be written 
a = ao{x)ai{y). Therefore, we can set a = 1 by redefining ds'^(Xi),ds'^(YQ) and h. 
Then, these equations reduce to df^dph = 0. Hence, h can be expressed as h = ho{x) + 
hi{y). Further, V can be written as = ±edyh, and (|2.18|) reads Ay/ii = —gs{da2 ■ 
da2)Y- 

Next, taking account of these results, the equation ( |2.21a| ) yields 

i?^.(X4) - h-^D^DM = -^h-'Axho g^^iX^) , (2.25a) 
R{Xi) = , (2.25b) 

where Ax is the Laplacian with respect to the metric ds'^(X4) . If we require that 
dyh 7^ 0, these equations can be reduced to 

Rf.u{X,) = 0, D^D.ho = ^Axhog^uiX^) ■ (2.26) 

Finally, taking account of the Poisson equation for h and the expression of V in 
terms of h again, (|2.21c| ) reduces to 

Rp^iYe) = ^R{Ye)gpg{Y,), R{Ye) = ^Axh^. (2.27) 
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These equations are equivalent 

Rpg{Ye) = XgpgiYe), Axho = 4A, (2.28) 

where A is a constant. 

To summarise, for any h of the form 

h = ho{x) + h{y) (2.29) 

and 2-form B2 on Yg satisfying 

d *Y dB2 = 0, dy[h-'^{B2 ■ dB2)Y] = 0, (2.30a) 

Ay/ii = -g-\dB2 ■ dB2)Y, (2.30b) 

D^D^ho = Xg^uiX), (2.30c) 



the metric 



with 



ds\Mio) = h-'/^ds\X^) + h^/^ds\YQ) (2.31) 



Rf.u{X^) = 0, (2.32a) 
Rpg{Y,) = Xg„{Y,), (2.32b) 



and the gauge fields given by 



Hs = dB2, F3 = -eg;' *y H^, (2.33a) 
F5 = ±e{l±*)d{h-') An{X*) (2.33b) 

yield a solution to the type IIB supergravity. Under our ansatz, this is the most general 
solution in the case ^ and dyh 7^ 0, while otherwise it may be a special solution. 
Here, note that the conditions ( p.30c|) and (|2.32a ) strongly restrict the metric 



(is^(X4). In fact, as is shown in Appendix 0, X4 is required to be locally flat, irrespective 
of the value of A, if Z^^/iq 7^ and {DhoY 7^ 0. In this case, the general solution for ho 
is given by 

Hq = ^x^Xf, + a^x^" + h (2.34) 

in the Minkowki coordinates, where and h are constants satisfying the condition 
a ■ a 7^ 0. On the other hand, if D^Hq 7^ and {DhoY = O5 there exists a solution only 
when A = 0. The four-dimensional metric is restricted to the form 

ds^(X4) = 7]^^dx''dx'' + /(x, y,t- z) {dt - dzf, (2.35) 



-7- 



where f{x, y,t — z) is an arbitrary solution to 

{dl + dl)f = 0. (2.36) 

ho is expressed in these coordinates as 

ho = a{t -z)+b, (2.37) 

where a and b are arbitrary constants. Note that when / is hnear with respect to x and 
y, ds'^(X.4) is really a flat metric and / can be set to zero by a coordinate transformation. 
In this case, ho is given by ( |2.34|) with A = and a ■ a = 0. 



Finally, note that in the case G3 = 0, the equation (|2.30a]) becomes trivial, and 
(|2.30c| ) reduces to Ayhi = 0. In the special case of A = 0, the corresponding dynamical 



solution with (|2.34|) is identical to the solution found by Gibbons, Lii and Pope ||2T[ . 



3. Application to the conifold-type compact ificat ions 

In this section, we apply the general formulation developed in the previous section 
to the flux compactification on conifold-type Calabi-Yau spaces in order to find time- 



dependent generalisations of the Klebanov-Strassler solutions |l0 



In all cases, we look for solutions whose ten-dimensional metrics have the form 

ds^ = h-^/\x, r)ds\E^'^) + h^'\x, r)ds\Ye), (3.1) 

where X4 = E^'^ is the four-dimensional Minkowski spacetime, Yg is a six-dimensional 
Calabi-Yau space, and r is a radial coordinate of Yg. Further, we only consider Calabi- 
Yau spaces whose level surface with respect to r approaches the Einstein space T^^ at 
large r (up to a scale factor), whose metric is given by |2^ 



(2 \ ^ 2 

d^ + Y, cos 9id(pA + ^ ^ (rf^f + sin^ , (3.2) 

i=l / 1=1 

where the range of the angular coordinates 9i, (pi and ip are Q < 6i < -n , Q < (pi < 2-n 
and Q <ip < 4:71, respectively. 

Throughout this section, we use the following orthogonal basis [|^, [1^: 

^^ = ^(e^-e^), 9' = ^ie^-e'), = ^{e' + e') , 

9' = ^{e' + e'), / = e^ (3.3) 
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where 



= — sin 9i d(f)i , e = (i^i , e = cos z/' sin 62 d(j)2 — sin ■?/' d92 



= sin ?/' sin 62 d(f)2 + cos ijj d62 , = ci?/' + cos 61 d(j)i + cos 6*2 (i02 • (3.4) 
The hne element of T^^ is expressed in terms of this basis as 



i=l 



3.1 Time-dependent conifold solution 

First, we consider the case in which Yg is a simple conifold over T^^: 

ds\Y^)=dr^ + r^ds\i:^^). 



Let Bo be a 2-form on Yk of the form 10 



B2 = 9s f{rW r^9^ + 9'^ 9^) = 9s f{r) [^(81) - ^](S^)] , 



where 



n(S?) = sin^id^i A 



n{Sl) = sm92d92A 



Then, from ( |!2.33a| ), and F3 are given by 



H, = dB2 = 9s f'{r)dr A [n{Sl) - fi(S 
F3 = -€97' *Y Hs = -eK-f'ir)di; A [fi(S?) - ^](S 

Hence, the first equation of (|2.30a|) gives rf = M = const: 



/(r) = Mln — 
.^0 



(3.5) 



(3.6) 

(3.7) 
(3.8) 

(3.9a) 
(3.9b) 

(3.10) 



where ro is a constant. Further, the second equation of (|2.30a|) is trivially satisfied, 
because {B2 ■ H^)y is a constant multiple of ff'dr and h depends only on r for fixed 
x-coordinates. 

The remaining non-trivial equation ( 2.30b ) reduces to 

72c/,M2 



1 



Ay^h = —Wh 



9;\h,-h,)y 



(3.11) 



Thus, taking account of ( p.29|) and ( p.34| ), the general solution for h under our ansatz 
is given by 



h{x,r) = ho{x) + 



369s 



In 



+ 



+ 



C 



(3.12) 
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where C is a constant, and hQ{x) is a linear function of x'^. 

Now, let us briefly discuss some characteristic features of this solution (cf. Ref. 



2T|). First, in the region where r ^ \C\, ggM \ \og{r /ro) + 1/4|, the corresponding 



spacetime metric depends only on ho{x), and there appears curvature singularity at 
the hypersurface where hQ{x) vanishes, if Dho ^ 0. For example, for h^if) = ~pt + q 
{p > 0), the four-dimensional metric h~^^'^ds^{E^'^) represents an expanding universe 
for if: < g/j9, which ends at the big-lip singularity at t = —q/p. This expansion is 
associated with contraction of the internal space. Hence, if we follow the standard 
prescription in which the effective scale factor of the four- dimensional universe is given 
by AB^ = /i^/^, this solution is interpreted as representing a contracting universe. The 
converse situation arises for p < 0. However, this interpretation based on the effective 
action may not be valid in the case in which moduli are not stabilised, because changes 
in moduli produce changes in fundamental coupling constants, which affect the spectra 
of atoms for example. A correct physical interpretation should be obtained only by 
taking account of such effects on observations. 

In contrast to this large r region, the time dependence of h in the small r region is 
negligible compared with the terms produced by flux, provided that h > 0. Hence, in 
this region, the scale modulus is practically stabilised for a long time. This feature may 
be used as a moduli stabilisation mechanism in the context of the braneworld model 



26, 27], in particular for a similar solution in the deformed conifold compactification 



discussed later. 

3.2 Resolved-conifold compactification 

Next, let us consider time-dependent solutions for compactification on the resolved 
conifold, whose metric is given by [^, |2^ 



ds^Ye) = K~\r)dr^ + -K{r)r^ {e'f + -rHs\^l) + -(r^ + Qa^)ds\^l) , (3.13) 

9 6 6 

where 

^""^ = 2^a 2 ' (3-14) 
+ 6a^ 

and (is^(S^) and ds^i^^ denote the line elements of the spheres and Sg, respectively. 
For this internal space, the choice of of the form [l^, |2r 



yields 



52 = [/i(r)fi(S?) + /2(r)fi(S2)] (3.15) 



= dB2 = gsdrA [f[ir)n{Sl) + n{r)Q{Sl)] , (3.16a) 

(3.16b) 



1 . 
3^ 



-^^nirMSl) + /^(r)fi(S?) 
r + 6a^ 
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where the prime denotes differentiation with respect to r. /^From the first equation of 
(|2.30a|) , dF^ = 0, the functions and f2{r) obey 



fir)-^^ fir)- ^(^^ + 6^^)^ (3 17) 



The general solution to these equations are 

/i(r) = Ci + ^ln(r2 + 9a2), (3.18a) 
2fl2 1 

f2{r)=C2 + — -- In [ri6(r2 + ga^)] , (3.18b) 
18 

where Ci and C2 are constants. The equation ( p.30b| ) now reads 

[r^(r^ + 9a^)h'] = -3QgM' ,3(^2 + 9^2) ' (3-19) 

where we have used 

/^i = 36,. ^3^^,^g^,^ (A-/.), (3.20) 

■ = 36^.^M^ 6/2!r2V 2?Q 2, " (3-21) 

The second of (|2.30a|) is again trivially satisfied. Therefore, we obtain 

where C is a constant. 

For large r (r ^ 3a) , we reproduce the solution (p.l2|) after integrating (|3.22| ) over 



r, taking account of (|2.29|) and (|2.34| ). On the other hand, for small r (r <^ 3a) , the 



solution is approximated by |18 



h{x, r) = ho{x) - - , (3.23) 

18a"^r"^ 

where ho{x) is a linear function of x . 

3.3 Deformed-conifold compactification 

Finally, we show that the deformed-conifold solution also has a dynamical generalisa- 
tion. 
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The deformed-conifold metric can be written as |T0|, [19 
1 



^{rfr^ + (,Y} + sinh^ Q{{gr + {9r} 



+ cosh^ 



where cr is a constant, and 



Kir) 



[sinh(2r) -2r]^/^ 



21/3 sinh(r) 
The radial coordinate r is related to r by 



a 



du 



/o K{uy 

For this Calabi-Yau space, let us assume that B2 takes the form |10 
B2=gs [ki{r)g' ^g^ + h{r)g^ ^g^]. 
Then, from ( p.33a| ), and F3 are expressed as 

= dB2 = gs [dr A {k[g' A g^ + k'^g^ A g^) 

-^(k,~h)g'Aig'Ag' + g'Ag') 



(3.24) 



(3.25) 



(3.26) 



(3.27) 



M 



-/a 



tanh^(r/2) 



Ag'^ + A;2tanh^(r/2) A g^ A g' 



+ -{ki-k2)dTA{g'Ag^ + g^Ag''] 



(3.28a) 



(3.28b) 



where the prime denotes the differentiation with respect to r, and we have used the 
relation 

d{g' A /) = -d{g' A g') = A {g' A / + / A g') . 



Now, utilising the relations 

dig'' Ag^ Ag')=d{g'' Ag' Ag^) = Q, 

dig' Ag' + g'A g') = / a ig' Ag'-g^A g') 

the first of ( p.30a| ) reduces to 



tanh^(r/2) 



ki - k2 



, [fc^tanh2(r/2)]' 



ki - k2 



(3.29) 

(3.30) 
(3.31) 

(3.32) 
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These equations are equivalent to 

k[ = a(l -F)tanh2(r/2) 



= aFcoth2(r/2) 



where a is a constant and F{t) obeys the differential equation 



r 



F coth^ U + - 1) tanh^ - 



(3.33) 



(3.34) 



Since (i?2--f^3)y is a constant multiple of {kik[ + k2k'2)dT and h depends only on r and x, 
the second equation of ( |2.30a| ) is automatically satisfied as in the previous cases. Hence, 
from the general arguments in §|^, for each solution to ( p.34| ), we obtain a dynamical 
solution of the form h = ho{x) + hi{y), where hQ{x) is a linear function of x'^ and hi is 
a solution to ( p.30b|) . 

For example, we require that h is regular at r = and approaches a constant at 
r = oo, F and h are determined as [|l^ 



sinh ' 



2 sinh T 



h{x, t) = hoi^x) + a 



22/3 



du 



u coth u ~ 1 
sinh^ u 



{sinh(2M) - 2m} 



1/3 



At large r, this solution behaves as 

h ~ 



(3.35a) 
(3.35b) 

(3.36) 



This behavior is the same as that of the conifold solution ( [3.121 ). From this we find 
that acr^ corresponds to QsM"^ representing the intensity of the G3 flux. Hence, for a 
large G3 flux, this solution provides a regular solution with a large warp factor. As 
discussed in § p.l| , this large warp factor stabilises the scale modulus for cosmological 
solutions with Hq = —p t + q. 

For reference, we gave an explicit expression for the general solution, which is in 
general singular at r = or at r = cxd, in Appendix 0. 



4. Supersymmetry breaking 

In this section, we examine whether supersymmetry is preserved or not by the dynam- 
ical instability of the scale modulus. For simplicity, we only consider the case of no 
3-form flux, B2 = C2 = Cq = ^ = and assume that the ten-dimensional metric has 
the form 

ds'^ = QMNdx^ dx^ 

= h-^'\x,r)ds^{E'^^^) + h^'^{x,r)[dr^ + r^ds''{Z^)]. (4.1) 
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4.1 Super symmetry transformation 

In the ten-dimensional type IIB supergravity with B2 = C2 = Cq = ^ = 0, the local 
super symmetry transformation of the spinor fields (gravitino tpM and dilatino A) is 
given by @, ^, |31|, |32[ 

S\ = 0, (4.2a) 
S^M = Vmc , (4.2b) 

where e is a ten-dimensional complex Weyl spinor satisfying the chirality condition 
r^^e = ±1, and the covariant derivative Vm is given by 



M 



16-5!' 

in terms of the ten-dimensional 7-matrices T'^^ satisfying 



■pAfpAf _|_ p^Vp 



N-rM 



^9 



MN 



(4.3) 



(4.4) 



The bosonic fields are automatically invariant under local supersymmetric transforma- 
tions because we are considering solutions with vanishing spinor fields. 

For the metric ( |4.1| ), it is convenient to introduce 7'^(/i = 0, ■ ■ ■ , 3), 7*^ and 7'(/ = 
5,---,9) by 



1 



7 



./^l/4 



7 



(4.5) 



Then, 7^ give the S0(3, 1) 7-matrices, 7' provide the 7-matrices of Z5, and (7^)^ = 1. 
We also define 7(4) and 7(10) by 

7(4) = -i 7° 7^ 7^ 7^ , 7(6) = 7(4)r^\ (4.6) 

so that (7(4)) 2 = (7(6)) 2 = 1. 

In terms of these 7-matrices, the supersymmetry transformation in the background 
with the metric ( [4.1[ ) is expressed as 



8h 



r 



h' 



h' 



rh' 



(4.7a) 
(4.7b) 
(4.7c) 



where the prime denotes differentiation with respect to r, and and V/ are the 
covariant derivatives with respect to the metrics, ds'^{E^'^) and ds'^iY^), respectively. 
The number of unbroken supersymmetries is determined by the number of covariantly 
constant (or Killing) spinor e for which the right-hand sides of (|4.71 ) vanish. 
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4.2 Consistency condition for the Killing spinor 

Each generator e of an unbroken supersymmetry should satisfy the consistency (inte- 
grability) condition 

[Vm, V;v]e = 0. (4.8) 

By using the relation 

Va/F^ = , [Vm, Vn] = ^i?M7VPQr^« , (4.9) 

the commutator of the covariant derivatives in the consistency condition ( [4.8| ) can be 
in general written 

- - 1 2i 1 

[Va/, Vat] = -Rmnpq^^'^ + . 51 ^^^^ f^'^N]- (^X6 ■ 5!)^ 

4 90 

L^F^.-Q.^FQ,...Q,[Mr%il ± T'') . (4.10) 



64-4!" 



With the help of this consistency condition, let us examine how many supersym- 
metries exist. To begin with, for comparison, we recall the results for the well-studied 
case of the static background |^ |3^, First, for the case in which h = const or 
h = C/r'^, the only non-trivial consistency condition is given by 

[Vz, V^]e=^Cimp,{Z,)Y'e, (4.11) 

where Cimpg is the Weyl tensor of the Z5 space. Hence, the number of supersymmetries 
is determined by the number of solutions to the spinor equation 

V,eo= (^'Vi±^^^eo = 0. (4.12) 

In particular, for the ten-dimensional Minkowski spacetime [^] and for AdS^ x |p4|| , 
the background has the full supersymmetry. 

Next, we consider the static conifold background with h = ho + C/r^^hoC 7^ 0) 
PU[ . For this background, the r]-component of the consistency condition reads 

= [V^, V.]6 = 2h-'/\h-'/')" 7^ Y (7(4) - 1) e . (4.13) 

Hence, e should satisfy 

(7(4)-l)e = 0. (4.14) 
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We can show that this condition and (|4.11|) are the only non-trivial consistency condi- 
tions. Hence, one half of the supersymmetries in the previous case are broken in this 



conifold background [30, 33 



Now, let us consider the background with d^h ^ {]: In this case, from the [//, z/]- 
components of the consistency condition, we obtain 

= b^d'iW,, V.]6 = JJ^b^YcuYe , (4.15) 

where 6^ and Ci, are linearly independent vectors satisfying the conditions h^d^h = 
c^dfj^h = . From this, it follows that if = di^ho is not a null vector, there exists no 
non-trivial solution to the consistency condition, and the supersymmetry is completely 
broken. In contrast, when is a null vector, we find that the consistency condition is 
equivalent to 

7(4)e = e, iD^h)^^e = , ^^^^,(¥5)7^^6 = . (4.16) 

Hence, a quarter of the supersymmetries in the case of h^C = are preserved. 

Finally, we comment on the degree of supersymmetry breaking for the dynamical 
background. One natural measure for that is obtained from ( [4.15|) . It is the mass 
scale corresponding to {Dh^Y/h"^. If we consider the induced effective mass for the 
spinor field, we obtain a similar mass scale. This mass scale diverges at the naked 
singularity where h vanishes. Hence, for the cosmological situation h = —pt + q argued 
in the previous section, the degree of supersymmetry breaking increases as the universe 
approaches the big-lip singularity. In contrast, in the region with a large warp factor, 
the supersymmetry breaking becomes negligible. 



5. Discussion 



In the present paper, we have studied the dynamical stability in the moduli sector 
of supersymmetric solutions for the conifold-type warped compactification of the ten- 
dimensional type IIB supergravity, by looking for extensions of supersymmetric solu- 
tions to those that depends on the four- dimensional coordinates. We have found that 
for many of the well-know solutions compactified on a conifold, resolved conifold or 
deformed conifold, such extensions exist and exhibit a dynamical instability. Further, 
this instability is associated with supersymmetry breaking. This feature is expected 
to be shared by a quite wide class of supersymmetric solutions beyond the examples 
considered in the present paper, because the result has been obtained by analysing 
the general structure of solutions for warped compactification with flux of the type 
IIB supergravity under ansatz that is natural to include supersymmetric solutions as a 
special case. 
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The dynamical solutions found in the present paper can be always obtained by 
replacing the constant modulus ho in the warp factor h = ho + hi{y) for supersymmetric 
solutions by a linear function HqIx) of the four-dimensional coordinates x'^. Since Hq 
corresponds to the scaling degree of freedom of the internal space, this implies that 
the dynamical instability occurs in the Kahler modulus representing the scale of the 
internal space. This type of instability in the moduli sector itself is not surprising, 
because constant moduli have flat potentials in effective four-dimensional theories. In 
fact, in the large r region in which h becomes independent of r, it is expected that the 
behavior of the solution is well described by an effective four-dimensional theory. Hence, 
the instability found in the present paper corresponds to a decompactifying run-away 
solution in an effective theory. However, it is not expected generally in effective theories 
that such instabilities give rise to significant position-sensitive time dependence in the 
structures of the four- dimensional spacetime and of the internal space. It is because 



most effective theories do not take account of the warped structure |TT|. In fact, 
we have found that the degree of instability significantly depends on the position in 
the internal space. In the conifold-type examples considered in the present paper, 
the instability is most enhanced at infinity, while near the conifold singularity or in 
the region with a large warp factor for the deformed-conifold case, the instability is 
strongly suppressed. Thus, the moduli stability is closely connected with the large 
warp factor, which has been used to resolve the hierarchy problem in the context of the 



flux compactification |TT|. This feature may also play an important role in constructing 
realistic universe model in the KKLT scheme or in the braneworld scheme. 

In this connection, we would like to comment on some subtle points. First, the 
instability we have found is a global mode on an open internal space. Hence, one 
may suspect that such an instability does not really occur in a model with a compact 
internal space. In particular, in a model in which the scale modulus is stabilised 
by quantum effects in the effective four-dimensional theory, the instability may be 
able to grow only when the effective kinetic energy h?/h? of the modulus exceeds the 
height of the potential barrier, taking account of the correspondence between the ten- 
dimensional theory and the effective theory mentioned above. However, it is quite 
difficult to make clear this point by an explicit analysis because there exists no warped 
ten-dimensional model that takes account of quantum effects and their backreaction 
on the geometry. Actually, there exists at present no warped ten-dimensional model 
with smooth compact internal space in which the backreactions of flux and negative 
charges of orientifold planes are properly taken into account, because such negative 
charges produce naked singularities. Apart from this global problem, there is also a 
possibility that a similar instability occurs locally. Such a local instability may grow 
even in a model with quantum moduli stabilisation if the spatial scales of the instability 
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are smaller than the length scale corresponding to the stabilisation energy scale. It will 
be interesting to see whether such a local instability exists by a linear perturbation 
analysis (cf. Ref. [^ ). 

Another subtle point is that we have found instability only in the scale modulus. 
For example, in the Gibbons-Lii-Pope solution, the warp factor h can have a large 
number of constant moduli corresponding to the positions of branes in addition 
to the scale modulus. Such a solution is contained in the class of solutions analysed 
in the present paper, but no instability has been found in these additional moduli. 
One possible reason for this is that the ansatz concerning the structure of the ten- 
dimensional metric is too restrictive. A linear perturbation analysis may also be useful 
in clarifying this point. 

Finally, we would like to point out that the degree of supersymmetry breaking is 
also closely related to the warp factor, which can be interpreted as the cosmic scale 
factor in the cosmological context. Hence, the cosmic expansion, the hierarchy and 
the supersymmetry breaking are tightly connected. Although the examples considered 
in the present paper do not provide realistic cosmological models, this feature may be 
utilised to solve the hierarchy problem and the supersymmetry breaking problem in a 
realistic higher- dimensional cosmological model. 
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Appendix 

A. Solutions for Kq and 



In this appendix, we find a general solution for and ds'^i^^) to ( p.30c|) and ( p.32a| ). 



First, we consider the case in which -D^/io 7^ and {Dh^Y 7^ 0. In this case, in 
terms of the synchronous coordinates with respect ho = t, ds'^CX.^) can be written 

ds'^ = N{t, z)dt^ + qij{t, z)dz'dzK (A.l) 

In this coordinate system, the equation 

D^DM = = (A.2) 
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is equivalent to 

N-'dtN = -2XN, diN=0, l^dtqij = X. (A.3) 
A general solution to this equation is 

^=2A^' % = |2At + c|g°(^). (A.4) 

In terms of r defined by 

|2Ai + c| = cie^^^, (A.5) 
this metric can be put into the form 

ds'' = c\e^^^ [±dT'' + q%{z)dz'dz'] , (A.6) 

where ± is the sign of 2\t + c. For this metric, the condition i?^,^(X4) = is equivalent 
to 

i?,,(g°) = ±2A\°. (A.7) 

We can show by direct calculations that ds^i^^) is flat under this condition. 

Next, wc consider the case in which Dho ^ and {Dh^^f = 0. In this case, from 
Dn^DhoY = 2D^hQDnD^ho = it follows that A should vanish. Further, m = /iq is a 
null coordinate and Du becomes a null Killing. Therefore, the metric can be written 

ds^ = 2du (dp + adu + hidz^^ + qijdz^dz\ (A. 8) 

where 6j and qij are functions independent of p. If we define the null vectors e± as 

e+ = du- adp, e_ = dp, (A. 9) 

the Ricci curvature is expressed as 

R^^ = 0, (A. 10a) 

R++ = -Aa + D'{dubi) - d^K - K^jK'^ + 2S^ (A.lOb) 

R+i = -diK + DjKj + SijD^B, (A.lOc) 

Ri, = Rij{q), (A.lOd) 

where 

K,j^-d^q,j, B^-e^^d^b,^. (A.ll) 

First, from the condition Rij{q) — 0, we can set q^j — 5ij by an appropriate 
coordinate transformation. In this coordinate system, K^j — 0. Hence from = 
we have B — B{u). This implies that hi can be written 

hi = -BeijZ^ + diC{u, z) . (A. 12) 
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Inserting this to = 0, we obtain 

A2{-a + duC) +2B^ = 0, (A.13) 

whose general solution is 

a = duC + ^z'z, + ^, (A.14) 

where / is an arbitrary solution to A2/ = 0. Thus, after the coordinate transformation 
p + C — * p, the metric can be expressed as 

ds'^ = 2du dp + fdu^ + {dz^ - Bz'^duf + {dz^ + Bz^duf. (A. 15) 

The only non-vanishing components of the curvature tensor for this metric are 

Ruiuj = -^didjf. (A.16) 

Therefore, if / is linear with respect to z\ the spacetime is fiat. For example, in terms 
of the coordinates defined by 

11 X 

t=2^-p^ z = -^u-p, (A.lTa) 

X = z^ cos P + z"^ sin P, y = —z'^ sin P + z'^ cos P, (A. 17b) 

where P = J Bdu, the metric can be written 

rfs^ = -df + dx"^ + dy^ + dz^ + f{x,y,t - z){dt - dzf, (A.18) 

where f(x, y,t — z) is a harmonic function with respect to x and y. 

B. General solution for the deformed conifold 

In this appendix, we give the general solution for the deformed conifold case discussed 
in §23. 

First, the general solution for F , ki and k2 are given by 

z V smhr/ smhr 2smh(rj 

1 - + r(l + e^-) 2e" 
ki = Co + a — ^— + aCi- 



2(l + e-)2 (l + e-)2 

+aC2 < 7 ^ 2r— — )■ , (B.lb) 

\ 2e^(l + e^) (l + e^)2 ' ' ^ ^ 

1 - e^- + r(l + e^-) ^ 2e" 
= Co + a — -7; aCi 



2(l-e-)2 ^(l-e-)2 
^ 2e-(e--l) + '^1^^^ ^ • ^^-'^^ 
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For the deformed conifold, ( p.30b|) reads 




QK'^ sinh^ r 



drh 



) 



(B.2) 



3 



where {H^ ■ H3)y in the right-hand side is given by 



0-9 



.2^,2 r 




H3 ■ H3 



cosh^(r/2) sinh^(r/2) 



+ 



+ 



(B.3) 



Hence, the general solution for the warp factor h can be obtained by integrating 
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